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The Raman spectrum of two-dimensional spin-$ Heisenberg antiferromagnets is calculated by 
exactly diagonalizing clusters of up to 26 sites. The obtained spectra are compared to experimental 
results for various high-T, precursors, such as La,CuO, and YBa,Cu,O,,. In spite of good agree- 
ment in the position of the main excitation in the B rg channel, i.e, the two-magnon peak around 0.4 
eV, an additional mechanism has to be invoked to account for the broad and asymmetric shape of 
the overall spectrum. Here, we consider the phonon-magnon interaction which, in a quasistatic 
approximation, renormalizes the Heisenberg exchange integral. This mechanism is motivated in 
part by recent experimental observations that the Raman linewidth broadens with increasing tem- 
perature. Our results are in good agreement with Raman scattering experiments performed by 
various groups; in particular, the calculations reproduce the broad line shape of the two-magnon 
peak, the asymmetry about its maximum, the existence of spectral weight at high energies, and the 
observation of nominally forbidden A rg scattering. 
Raman scattering is a powerful technique for the study 
of electronic excitations in strongly correlated systems. Re- 
cently, much attention has been given to the anomalous mag- 
netic scattering with a very broad and asymmetric line shape 
observed in the Raman spectra of high-T, precursors, such as 
La,Cu04, and YBazCu,O,z at around 3230 and 3080 cm-‘, 
respectively.* The selection rules associated with this peak 
are also anomalous. While the spin-pair excitations scatter 
predominantly in the allowed Br, channel, there is also a 
significant contribution in the nominally forbidden A,, 
con&uration.l 
Previous theoretical studies2-4 of Raman scattering in 
the nearest-neighbor spin-$ Heisenberg model on a two- 
dimensional square lattice have shown good agreement with 
experiments in the position of the two-magnon peak, but 
they have failed to account for the enhanced width observed 
in the spectra. Several schemes have been proposed to re- 
solve this problem. Initially, it was believed that strong quan- 
tum fluctuations were responsible for the broadening.3 How- 
ever, recent studies of spin-pair excitations in a spin-l 
insulator, NiPS,, show a relative width comparable to that of 
two-dimensional cuprates.’ This leads us to question the 
view that the observed anomaly is due to large quantum fluc- 
tuations intrinsic to spin-$ systems. Instead, we propose that a 
magnon-phonon coupling is responsible for the experimen- 
tally observed large widths. We remark that the measured 
widths are 3-4 times larger than the ones predicted within 
the spin-wave theory using the Dyson-Maleev transforma- 
tion, even when processes involving up to four magnons are 
taken into account.3 
The isotropic Heisenberg Hamiltonian is given by 
H,=J C Si.Sj, 
(4 
where the notation is standard, and only nearest-neighbor 
interaction is assumed. For the cuprates, the exchange inte- 
gral is 5=1450 K-10.12 eV. , 
In our study, we obtained the ground state I&) of He 
using a Lanczos algorithm on finite two-dimensional square 
clusters (N= 16, 18, 20, and 26) with periodic boundary con- 
ditions. We studied zero-temperature spectra associated with 
the scattering Hamiltonian’-’ 
H~arnan= 3) iJ$nc. htjl(Esc. Gtj)Si- Sj 3 (2) 
1 
where Einc sc , . corresponds to the electric field of the incident 
and scattered photons, and kij is the unit vector connecting 
sites i and j. We concentrated on the case of polarizations 
perpendicular to each other, E hcGZ+i and E,&-f, giving 
B rg scattering. 
The spectrum of the scattering operator can be written as 
fW=C l(~,,l~a*,,,l~o)l~~(~-iE,-Eo)) 7 i3j 
n 
where r$,, denotes the eigenvectors of the Heisenberg Hamil- 
tonian with energy E, . In practice, the dynamical spectrum 
i(w) is extracted from a continued-fraction expansion of the 
quantity 
fiti)= -k WQIdH,,,, o+E 
0 
l iEFH fhmanl(Pn> 9 0 
i4 
where E is a small real number introduced in the calculation 
to shift the poles of Eq. (4) into the complex plane. 
Our results for B rg scattering are shown in Figs. 1 and 2. 
The experimentally observed two-magnon excitation lies 
around 35, which is in good agreement with the location of 
the main peak in the exactly diagonalized 16-site square Iat- 
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FIG. 1. R,, Raman spectrum is the 4X4 lattice for the pure Heisenberg 
model. The peaks have been given a finite width e=O.W, and o is given in 
units of J. 
tice shown in Fig. 1. The position of this peak can be under- 
stood in terms of the Ising model, which corresponds to the 
Iimit of the anisotropic Heisenberg Hamiltonian where no 
quantum fluctuations are present. In its ground state, the 
Ising spins align antiferromagnetically for J>O. W ithin this 
model and for a two-dimensional (2D) square lattice, it is 
well known that the incoming light creates a local spin-pair 
flip at an energy JJ higher tlhan the ground-state energy. This 
argument remains valid even in the presence of quantum 
fluctuations. Our rc.sults indicate that the two-magnon exci- 
tation is at 2.9573, 3,426&r, and 3.037oJ for the 16, 20-, 
and 26site square lattices, respectively. We  believe that the 
somewhat large shift for the 20-site cluster is due to an arti- 
fact inherent to the symmetry of the cluster. 
While there is good agreement with experiments in re- 
gard to the two-magnon peak position, the calculated widths 
are too small. Thus, it seems necessary to invoke an addi- 
tional process to account for the observed wide and asym- 
ntetric line shape. Here, we propose that the important inter- 
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FIG. 2. RI, Raman spectrum for the Heisenberg model on a 4X4 lattice in 
the presence of randomness in the exchange integral; this represents the 
effect of the spin-pair-phonon interaction; w is given in units of J. 
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action is between the magnon pair and phonons. The 
phonons distort the lattice and renormalize the spin-spin ex- 
change interaction in H,. This mechanism relates to that 
proposed by Halley’ to account for two-magnon infrared ab- 
sorption in, e.g., MnFa. The calculations in Fig. 2  correspond 
to the Raman spectra of a  disordered lattice, or alternatively, 
to the quenched phonon approximation. This approximation 
is valid for the cuprates because there is a clear separation of 
energies between the fast modes (magnons) and the slow 
modes (phononsj, For instance, in YBa,Cu,O, the character- 
istic Debye frequency is about 340 cm-’ while the two- 
magnon excitation is -3080 cm-‘. The Born-Oppenheimer 
approximation focuses on the fast modes and freezes the 
slow ones. 
In our approach, we consider quantum fluctuations and, 
more important, finite temperatures, which distort the lattice. 
In turn, these lattice distortions induce changes, tiij, in the 
exchange integral J of the perfect undistorted lattice. Here, 
~~j represents the instantaneous value of Q.Vdij(R), 
where R denotes the equilibrium position of the ion carrying 
the spin, and Q is the deviation from the equilibrium. In the 
quenched disorder approximation, we obtain the effective 
Hamiltonian 
where 1 dilij] <J is a  random variable reflecting the motion of 
the ions. Owing to this motion, the transiational invariance of 
the original Heisenberg Hamiltonian [Eq. (i)] breaks down. 
This corresponds to taking a snapshot of the lattice, i.e., to a 
Born-Oppenheimer-type approximation which focuses on the 
fast (high-energy) modes and freezes the slow (low-energy) 
phonon modes. 
In our study, the random couplings &ij were drawn 
from a Gaussian distribution 
P(C%Tijj=- 
& 
exp[ - ( dJij)2/2U2] . 
For a typical optical phonon frequency (-340 cm-’ for 
YBa&.t,O,), we expect ~0.35.’ I(o) was obtained as the 
quenched average over m -1000 realizations of the randomly 
distorted lattice. The quenched average of an operator 0 is 
defined by 
l(6))=; fi (~0W l~l~dj)) ,]=I 
where +u(j) is the ground state of the jth realization of the 
disordered system. 
In Fig. 2, we show the Raman spectrum for the 16-site 
square lattice in the presence of random exchange couplings 
drawn from a Gaussian distribution with u==O.3J, which we 
found to agree best with experimental spectra.’ 
We  find that the three main features observed in the 
experiments,’ namely, the broad line shape of the two- 
magnon peak, the asymmetry about its maximum, and the 
existence of spectral weight up to o-8J are well repro- 
duced. Beyond the two-magnon peak, there is a continuum 
of phonon-mult imagnon excitations. The small feature 
around w-5 .SJ is tentatively assigne.d to a four-magnon ex- managed by Martin Marietta Energy Systems, Inc., and un- 
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with experiments. troleum Research Fund. 
Finally, we would like to stress that not every kind of 
disorder gives rise to the observed broadening of the spec- 
trum. For instance, disorder by points defects or twinning 
planes will not produce such an effect. Also, it is observed in 
experiments that the Raman linewidth broadens with increas- 
ing temperature.’ This is a strong indication of a phonon 
mechanism for the broadening. 
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In summary, we find strong evidence of phonon-induced 
broadening of the two-magnon Ramam scattering peak by 
treating the low-energy phonons as a static random distortion 
of the lattice. Our results are in good agreement with experi- 
mental spectra. 
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